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Abstract. Introduction. Physics-informed neural networks (PINNs) are increasingly proposed as
universal solvers of differential equations, but their reliability for nonlinear oscillators with several
periodic solutions is insufficiently studied. Aims and objectives. To compare D.S. Dzhumabaev’s
parametrization method with PINNs for periodic solutions of the Duffing equation in terms of accuracy,
cost, robustness and control over coexisting solutions. Results. The parametrization method reached
errors of 1078-1077 in hundredths of a second; eight subintervals raised the share of convergent initial
approximations under strong softening nonlinearity from 0-9% to 61-100%; with arclength
continuation and Floquet multipliers, the method reproduced the full hysteresis of the frequency
response. PINNs reached errors of 1076-107% in 20-40 s and in some regimes converged, with an equally
small loss, to a different periodic solution. Conclusion. PINN solutions require verification, which the
parametrization method provides.
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AHHOTauusa. Bcmynaenue. ®usumyeckn uHPopMuUpoBaHHble HelpoHHble ceTd (PINN) Bce yaie
NpeJJaralTcsi KakK yHUBepcasbHble peluaTeau AuddepeHIMasbHbIX ypaBHEHUH, OJHAKO HX
Ha/|e?KHOCTb [J11 HeJIMHEWHBIX OCLIUJIJISTOPOB C HECKOJIBKUMH NEPUOAUYECKUMU pellleHUSIMU U3ydeHa
HejocTaTo4yHo. lJeau u 3adavu. CpaBHUTH MeToh mnapametpusauuu /[.C. JkymabaeBa ¢ PINN npu
HaXO0X/JIeHWU IEPHUOJUYECKHUX pellleHUI ypaBHeHHs [lypdurHra no TOUHOCTH, 3aTpaTaM, yCTOMYUBOCTH
M KOHTPOJIIO HaJ, COCYIEeCTBYIOIIMMHU pelleHUusaMU. Pedysbmamol. MeTo[, napaMeTpu3alnuyd JOCTUT
norpemnoctr 1078-1077 3a coTble 011 CEKyH/IbI; pa3breHre Ha BOCEMb YacTel MPU CUIbHON MATKOM
HEeJIMHENMHOCTU TOBBICUJIO [JIOJII0 CXOASAIMXCS HadalbHbIX npubamxkeHuu ¢ 0-9% po 61-100%; B
COYEeTAaHUHU C MPOJOJDKEHHEM MO JJWHE JYTH U MyJbTUIIMKaTOpaMyu Pioke MeTOJ BOCIPOU3BEJ
TIOJIHBIN TMCTEPE3NC aMIUIUTYAHO-4aCTOTHOM XapakTepucTuku. PINN mocturam norpemsoctu 1076-
1072 3a 20-40 c ¥ B psAJie PEKUMOB CXOJUIUCH K JPYroMy HepUOAMIECKOMY PELIeHHI0 IPU CTOJIb Ke
Masol QyHKUUU mnoTepb. 3akatoueHue. Pemienuss PINN HyxjarTcs B BepudUKALUH, KOTOPYIO
obecrneyrMBaeT MeTO/, TapaMeTpPHU3aALUH.

Knwo4yeBble cioBa: ypaBHeHue /JlybduHra, mnepuojuyueckass KpaeBas 3a4ada, METOJ
napameTpu3anuy, ¢pusandeckd UHGOPMUPOBaHHbIe HEHUPOHHBIe ceTH, MeToJ, Hpl0TOHa, aMIIUTYAHO-
4acTOTHas XapaKTepUCTHUKa.
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AnHoTanusa. Kipicne. ®usuKa/iblK akKlapaTTaHAbIPbLIFAaH HeWpoHAbIK xesisep (PINN)
auddepeHunanblK TeHJeyJepi LelyaiH aMb6eban KypaJjbl peTiHAe KHi YCBIHBLIAJbI, ananja
OipHelle MepHOATHI IIenliMi 6ap CBHI3BIKTHIK, eMeC OCHWIATOpJAp VIIiH oJIapAblH CeHiMaiiri
KeTKiIiKTI 3epTTesMereH. Makcamot MeH MiHOemmepi. lypdUHT TeHAeYiHiH nepyuo Tl WelliMaepid
tabyzaa /I.C. ’Kyma6aeBTbiH mapameTrpJey aaiciH PINN-MeH nmajifiik, ecenTey HIbIFbIH, OPHBIKTBLIbBIK
JK9He KaTap eMip CypeTiH welimMepai 6akblaay TYPFbICbIHAH CaabICThIpy. Homusicesnep. llapameTpiey
d1ici ceKyH/THIH, XKY3/eH 6ip 6enirinze 10-8-10-7 KaTesiKKe XeTTi; KyLITi YKyMCapyuibl ChI3bIKTBI EMeC
YKaFJaiJa ceriz 6eJstikke 661y JKHUHAKTaIAThIH 6acTanKbl KybIKTayaap yJecid 0-9%-aan 61-100%-ra
JlefiH apTThIPAbI; J0Fa Y3bIH/ABIFEI OOMBIHINIA KAJFACTHIPY koHe DyioKe MyJbTUIIMKATOPJIAPbIMEH
6ipre aflic aMIIMTYAQJIBIK-KUITIKTIK CUIIaTTaMaHbIH TOJIBIK TUCTEpPe3UCiH KaanbiHa KeaTipiagi. PINN
20-40 cekyHAaTa 10-°-10-2 kaTesiKKe XeTTi xkoHe Kel6ip pexuM/ep/ie LbIFbIH GYHKIUACHI 19J1 COHAAN
Kinri 60JiFaHbIMEH 6acKa MEPUOATHI IIelIiMre X XUHAKTaIAbl. KopbimbiHdbl. PINN memmimMaepi Tekcepyai
KaXKeT eTe/li, OHbI IapaMeTpJiey 9ici KaMTaMachI3 eTe/i.

Tyi#in ce3gep: nyboduHr TeHJeyi, NepUOATHI METTIK ecen, mapameTpJey d/ici, PU3UKATIBIK,
aKnapaTTaH/bIpblLIFaH HEUPOH/ABIK eJlisiep, HblI0TOH a/iici, aMIIUTYy Ja/IbIK-)KUIJIIKTIK cHIaTTaMa.

For citation: Kim A.E. (2026). Parametrization method and physics-informed neural networks
for the Duffing equation. Science of Intelligent Systems, [Vol.(No.)], [pages]. (In Eng.). https://doi.org/[to
be assigned]

Introduction

The Duffing equation, introduced to describe forced oscillations with a nonlinear restoring force
(Duffing, 1918), is a standard model of nonlinear vibrations of beams, pendulums and electrical circuits.
It exhibits jump resonance, coexistence of several periodic regimes and chaos (Holmes, 1979; Ueda,
1979; Guckenheimer, Holmes, 1983; Kovacic, Brennan, 2011). Steady-state vibrations correspond to
periodic solutions, and computing them requires solving a nonlinear boundary value problem in which
the state at the end of the period coincides with the state at its beginning. Such a problem may have
several solutions, and its numerical solution is sensitive to the initial approximation (Keller, 1968;
Ascher et al., 1995).

Numerical methods for boundary value problems for ordinary differential equations include
shooting, multiple shooting, finite-difference and collocation methods (Keller, 1968; Ascher et al., 1995;
Stoer, Bulirsch, 2002). Shooting is simple but sensitive to the growth of solutions of the Cauchy problem;
multiple shooting limits this growth by splitting the interval; adaptive collocation controls the residual
and refines the mesh automatically (Kierzenka, Shampine, 2001). For periodic regimes of oscillators,
path-following methods trace branches of solutions and detect folds and bifurcations (Keller, 1977;
Allgower, Georg, 2003), while harmonic balance provides analytical approximations of the frequency
response (Nayfeh, Mook, 1979; Krack, Gross, 2019).

The parametrization method of Dzhumabaev (1989) was created to obtain criteria of unique
solvability of linear boundary value problems in terms of the initial data. Dzhumabaev and Temesheva
(2007) extended it to nonlinear problems: they proved a sharpened local Hadamard theorem, proposed
a family of algorithms with convergence conditions in terms of the initial data and established a criterion
for an isolated solution; these results were refined later (Dzhumabaev, Temesheva, 2013; 2018), and
modified algorithms and a numerical method were proposed (Temesheva, 2020; Temesheva et al,,
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2021). An essential feature of this theory is that its convergence conditions improve as the partition is
refined. What has been missing is a computational picture of this effect for a concrete oscillator and a
comparison with modern approaches.

Physics-informed neural networks go back to the use of neural networks for solving differential
equations (Lagaris et al.,, 1998) and were popularised by Raissi et al. (2019); their place in scientific
machine learning is reviewed by Karniadakis et al. (2021). Known difficulties include imbalanced
gradients between loss terms (Wang et al., 2021) and failure to learn solutions in more demanding
regimes (Krishnapriyan et al., 2021). Exact enforcement of periodicity through Fourier-type inputs
removes one source of error (Dong, Ni, 2021). However, the loss of a PINN measures only how well the
equation is satisfied, not which solution is approximated, and for problems with several solutions this
question is rarely addressed.

The relevance of the study follows from this situation. Intelligent systems increasingly embed
neural solvers of differential equations, and the question of when such solvers can be trusted is practical.
Nonlinear oscillators with coexisting periodic regimes are a demanding test because a solver may return
a correct-looking but physically different solution. To the author’s knowledge, a direct comparison of
the parametrization method with PINNs has not been reported, and quantitative data on how the
partition in the parametrization method affects the practical domain of convergence of Newton’s
method for the Duffing oscillator are scarce.

The object of the research is the periodic boundary value problem for the Duffing equation. The
subject is the accuracy, cost, robustness and control over the multiplicity of solutions of the
parametrization method and of PINNs. The aim is to compare the two approaches quantitatively. The
tasks are: (1) to implement the parametrization method with Runge-Kutta integration, Newton’s
method, continuation and Floquet stability analysis; (2) to verify it on a problem with a known exact
solution; (3) to measure the domain of convergence as a function of the number of subintervals and to
relate it to the conditions of Newton-Kantorovich-type theorems; (4) to compute the frequency
response of the physical damped Duffing oscillator; (5) to train PINNs on the same problems and
compare the results. The hypothesis is that PINNs approach the accuracy of classical methods only at
much higher cost and do not control which of the coexisting periodic solutions they find, whereas the
parametrization method with a suitable partition and continuation provides both accuracy and control.

The scientific novelty consists in the first, to the author’s knowledge, systematic comparison of
the Dzhumabaev parametrization method with physics-informed neural networks; in the quantification,
with confidence intervals, of the effect of the partition on the domain of convergence together with the
Lipschitz constant of the Jacobian of the parameterized system; and in the use of the matrices computed
by the method for Floquet stability analysis and arclength continuation of the frequency response.

Materials and methods

Research questions. RQ1: how accurate and how expensive is each approach? RQ2: how does the
number of subintervals affect the domain of convergence of the parametrization method, and how does
this relate to theoretical convergence conditions? RQ3: can each approach reproduce the coexisting
periodic solutions of the physical Duffing oscillator? Hypothesis: as stated in the Introduction, PINNs are
less accurate and more expensive and do not control the selection among coexisting solutions, whereas
the parametrization method provides accuracy and, combined with continuation, control.

Problem 1 (verification problem). Written as a first-order system, the forced Duffing equation on
[0, T] is

% = X2, % = —6x, — 0%x; — eyx} + Beoswt + g(t), t €[0,T], (1)
with the periodic boundary condition

x(0)=x(T),  x=(x1,%), (2)
where § is the damping coefficient, o the natural frequency, € the nonlinearity coefficient, y = +1 for
hardening and y = -1 for softening restoring force, and B cos wt the external forcing. In Problem 1, § =
0,T=1,0=1,B=2,w=2m and € € [0.1, 10]. Following the method of manufactured solutions (Roache,
2002), the source term

g(t) = (62 — 4n?)sin2nt + eysin32nt — Bcos2nt (3)
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makes x*(t) = (sin 2mt, 21 cos 2mt) an exact solution, so that errors can be measured directly.
Problem 2 (physical problem). The damped forced Duffing oscillator without any artificial source
term,
21

¥+ 6% + 0%x + eyx® = Bcoswt, x(0) = x(T), x(0)==x(T), T== 4)

w

with § = 0.1, 6 = 1, ey = 1 and B = 0.3, was studied for forcing frequencies w € [0.6, 3.2]. Its periodic
solutions form the frequency response curve, which for a hardening spring contains a region of
coexisting solutions (Nayfeh, Mook, 1979).

Parametrization method. The interval is divided as 0 =ty < t; < ... < ty = T, the parameters A, =
X(tr-1) and the functions u.(t) = x(t) — Ar are introduced, and the problem becomes equivalent to the
problem with parameters (Dzhumabaev, 1989; Dzhumabaev, Temesheva, 2007)

du, —

I=fEu+4),  w(t_)=0, r=1N, (5)

/11 - AN - uN(T) = 0, /17« + ur(tr) - AT+1 = 0, r = 1,N - 1, (6)

where f is the right-hand side of (1). The boundary condition and the matching conditions (6) form a

system Q(A) = 0 of 2N equations, solved by Newton’s method (Kantorovich, Akilov, 1982; Deuflhard,
2011)

aQ
a(A(k)) A1) = —Q(/l(k)), Ak+D) — (k) 4 f(R), (7)
The blocks of the Jacobian are obtained from the variational equations
dz, 0 1
L flod @) B =1 fo=(_p2 3enz _s) (8)

since d(Ar + ur(tr))/0A: = Z:(t:). Problems (5) and (8) were integrated jointly by the classical fourth-order
Runge-Kutta method (Hairer et al., 1993; Butcher, 2016); iterations stopped when max|AA®’| < 1071°,
For N = 1 the algebraic system coincides with that of single shooting and for N > 1 it is algebraically
related to multiple shooting (Stoer, Bulirsch, 2002). The parametrization method contributes the theory
of the problem with parameters — solvability criteria, conditions of convergence and of the existence
of an isolated solution (Dzhumabaev, Temesheva, 2007; 2013; 2018) — which is used below to interpret
the role of the partition.

Stability and continuation. The monodromy matrix of a periodic solution is the product of the
matrices already computed by the method,

M = Zy(ty) Zy-1(tn-1) - Z1(81), 9)
and the solution is asymptotically stable if all Floquet multipliers, the eigenvalues of M, lie inside the
unit circle (Nayfeh, Balachandran, 1995). The frequency response of Problem 2 was traced by pseudo-
arclength continuation in the variables y = (A, ) (Keller, 1977; Allgower, Georg, 2003), which adds to
Q(A, w) = 0 the condition

yJ'T(YjH - }’j) —A4s =0, (10)
where y;j is the unit tangent and As the step; this allows the curve to pass around fold points where
natural continuation in w fails. Natural sweeps upward and downward in w with step 0.02 were also
performed. In Problem 1, natural continuation in € from the linear problem (g = 0) in ten steps was used
as a baseline for choosing initial approximations.

Convergence conditions. Newton’s method converges from any A’ with A’ - A/ <2/(3BK), where
B is the norm of the inverse Jacobian at the solution and K the Lipschitz constant of the Jacobian (Traub,
Wozniakowski, 1979). To relate this condition to the partition, B and K were estimated at the solution of
Problem 1 for N = 1, 2, 4, 8, with K computed as the largest ratio [0Q/0A(A) - 0Q/0A(A)| / |A - A over 120
random points with [A - A| £ 1 in the maximum norm.

Physics-informed neural networks. The solution x; was approximated by a fully connected
network with two hidden layers of 32 neurons and tanh activation. In the variant with exact periodicity
the network inputs were sin wt and cos wt, so that every network output satisfies the periodic condition
(Dong, Ni, 2021); in the variant with a soft constraint the input was t and the periodicity mismatch was
added to the loss with weight 10. The loss was the mean squared residual of the equation at 256
collocation points,
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with derivatives computed by automatic differentiation (Maclaurin et al., 2015). Training used 2000
iterations of Adam (Kingma, Ba, 2015) followed by up to 3000 iterations of L-BFGS (Liu, Nocedal, 1989),
as recommended for PINNs (Raissi et al., 2019). Each configuration was trained from three (Problem 1)
or five (Problem 2) random initialisations.

Experiments and material. E1 (accuracy): errors of the parametrization method for Runge-Kutta
steps h = 0.1-0.00625 and N = 1, 4. E2 (robustness): for y=-1,e € {1,5, 10} and y = 1, € € {5, 10},

Newton’s method was started from 200 random constant initial approximations x

(0)

= c with c uniform

in [-A, A]% A € {2, 6}; each run was classified as convergence to x* (error below 107°), convergence to
another periodic solution, or divergence, and 95% Wilson confidence intervals were computed (Wilson,
1927). The same starts were given to the collocation solver solve_bvp (Kierzenka, Shampine, 2001;
Virtanen et al,, 2020). E3 (convergence conditions):  and K as described above. E4 (physical problem):
frequency response of Problem 2 with N = 4 and 400 Runge-Kutta steps per period, compared with the
first-harmonic balance approximation (Nayfeh, Mook, 1979). E5 (PINNSs): six regimes of Problem 1 (¢ €
{0.1, 1, 10}, y = £1) and Problem 2 at w = 1.0 and w = 1.5. Computations were performed in Python 3
with NumPy and SciPy on a single CPU core. The code used for all computations is available from the
author upon request.

Results and discussion

Accuracy, convergence rate and cost of the parametrization method
Table 1 shows the errors for Problem 1 with € = 0.1, y = 1. Halving the Runge-Kutta step reduced
the error about sixteen times, and the observed order tended to 4.00, confirming the theoretical order
of the scheme. The partition N = 4 gave the same error as N = 1 for h < 0.05.

Steph Error,N=1 Error,N=4 Ratio Observed order
E(2h)/E(h)

0.1 3.71-107* 9.15-107* - -

0.05 2.29-107° 2.29-107° 16.2 4.02

0.025 1.42-107° 1.42-107° 16.1 4.01

0.0125 8.89-107°8 8.89-107°8 16.0 4.00

0.00625 5.56-107° 5.56-107° 16.0 4.00

Table 1 - Maximum error of the parametrization method for Problem 1 (¢ = 0.1,y = 1)

Newton’s method showed quadratic convergence near the solution. Fore=1,y=-1,N=4and a
distant initial approximation, the increments of the last iterations were 1.2:1072, 1.2-107%,9.4-107° and
2.1-107*%: each was approximately the square of the previous one. One solution of Problem 1 with N = 4
and h = 0.01 took 0.023 s, comparable to 0.019 s for the collocation solver.

Domain of convergence and the partition

Table 2 and Figure 1 present the results of experiment E2 for softening nonlinearity. Without
partitioning, Newton’s method converged from 0-9% of the initial approximations; with eight
subintervals the share rose to 61-100%. For € = 10 and A = 2 it increased from 0% (N =1 and N = 2) to
70% (N = 4) and 95.5% (N = 8). The confidence intervals of N = 1 and N = 8 do not overlap in any
configuration. The apparent non-monotonicity at e =5, A =2 (100% for N = 4 and 97% for N = 8) lies
within the confidence intervals; it reflects the larger number of unknown parameters that must be
approximated simultaneously when N grows.

€ A N=1 N=2 N=4 N=8 Collocation
1 2 4 [2-8] 73.5[67-79] 94 [90-97] 98.5 [96-99] 100 [98-100]
1 6 9 [6-14] 25[20-31] 94.5 [90-97] 100 [98-100] 100 [98-100]
5 2 0.5 [0-3] 11 [7-16] 100 [98-100] 97 [94-99] 100 [98-100]

11

HAYKA UHTENNEKTYAJIbHBIX CUCTEM



HAYKA MHTEJUTEKTYAJIbHbIX CACTEM

WHTENNEKTYAJIbHBIE CUCTEMbI N°3 (uionb-cexTabpb) 2026 rog

¥NTThIK FhINbIM

AKAOEMMUACHI
A N=1 N=2 N=4 N=8 Collocation
6 0.5 [0-3] 3.5[2-7] 38 [32-45] 88 [83-92] 100 [98-100]
10 2 0 [0-2] 0[0-2] 70 [63-76] 95.5 [92-98] 100 [98-100]
10 6 0[0-2] 0 [0-2] 19 [14-25] 61 [54-67] 100 [98-100]

Table 2 - Softening nonlinearity (y = -1): share of 200 initial approximations converging to the
solution, % [95% confidence interval]

(a) initial guesses |c| = 2 (b) initial guesses |c| = 6
100 - —

2 o
§ 801
-
=
3
i 60 -
=
=
E 40 o
=]
Q
j=2]
3 90
z
[=]
Q

U -

1 2 4 8 1 2 4 8
number of subintervals N number of subintervals N

Figure 1 - Share of initial approximations converging to the solution as a function of the number of
subintervals N, with 95% confidence intervals: (a) |c| < 2, (b) |c| <6

The cause of this effect is visible in the convergence conditions. For € = 10, y = -1, the Lipschitz
constant K of the Jacobian over the ball |A - A*| < 1 was unbounded for N =1 and N = 2, because for some
points of the ball the Cauchy problems blew up before the end of the period, whereas it was finite for N
=4 (K=407) and N = 8 (K = 20.8). For € = 5 the values were unbounded, 1.5-107,32.2 and 7.6 for N = 1,
2,4, 8. For weak hardening nonlinearity (¢ = 0.1) K was small for all N (0.60, 0.48, 0.20 and 0.11). The
norm of the inverse Jacobian § grew with N (2.2, 2.7, 5.5 and 10.0 for € = 10). Partitioning therefore
makes the system Q(A) = 0 well defined and smooth on a large neighbourhood of the solution, which is
exactly what theorems of the Newton-Kantorovich type require, at the cost of a moderate growth of f3.
The guaranteed radius 2/(3BK) is conservative (3.2:1073 for € = 10, N = 8), but it is non-negligible only
for N = 4, in agreement with the experiment.

Two further observations limit the role of the partition. First, natural continuation in € from the
linear problem converged to the solution in all five strongly nonlinear regimes both for N = 1 and for N
= 4, with 22 Newton iterations in total and errors of 2:1078-5-1077. The partition is therefore decisive
when no continuous path from a known solution is available, for example when coexisting solutions are
sought. Second, for hardening nonlinearity (¢ = 5 and € = 10) the partition N = 4 raised convergence to
the solution from 1% and 0% to 60.5% and 40.5%, but N = 8 gave no further gain, and many runs
converged to other periodic solutions; collocation reached 75.5% and 48.5%, with 21.5% and 43% of
runs ending at other solutions. Collocation was the most robust method under softening nonlinearity
(100%).

Physical Duffing oscillator: frequency response and stability

For Problem 2 the parametrization method combined with continuation reproduced the classical
picture of a hardening Duffing oscillator (Figure 2). In the upward sweep the amplitude followed the
upper branch and dropped from 1.67 to 0.15 between w = 1.72 and 1.74; in the downward sweep it
jumped from 0.46 to 1.15 between w = 1.34 and 1.32. Arclength continuation passed around both folds,
located at w = 1.780 (amplitude 1.723) and w = 1.324 (amplitude 0.597), and traced the middle branch:
78 of 208 computed points had a Floquet multiplier outside the unit circle and were unstable, while all
points of the upper and lower branches were stable. The natural sweeps left the upper branch slightly
before the fold, because a step of 0.02 near the fold carried Newton’s method to the lower branch,
whereas arclength continuation located the fold precisely; at most 13 Newton iterations per step were
needed. The amplitudes agreed with the harmonic balance approximation within 1.5% (at w = 1.5:
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0.247, 1.19 and 1.391 against 0.247, 1.180 and 1.371), the difference being due to higher harmonics
neglected by the approximation.

1.75 1 ‘———_____‘ —— stable periodic solutions (|| < 1)
fold w = 1.780 ==+ unstable periodic solutions
1.50 1 harmonic balance (first harmonic)
¥ PINN, 5 random initialisations
= 1.25
] fold w = 1,324
g 1.004 ’
o /
o /
£ 0.75 1 /
2, i
2 0.50 \
AN
\.\
0.25 SN
0.00 N N
1.0 1.5 2.0 2.5 3.0

forcing frequency w

Figure 2 - Frequency response of the damped Duffing oscillator computed by the parametrization
method with arclength continuation, compared with harmonic balance and with PINN solutions

Comparison with physics-informed neural networks

Table 3 compares the two approaches on Problem 1. With exactly periodic inputs, PINNs reached
errors of 5:107%-6-107* in about 22 s of training; with the soft periodicity constraint the errors were
107*-9-107* after about 40 s. The parametrization method reached errors of 2:1078-5-1077 in
hundredths of a second, that is, it was two to five orders of magnitude more accurate and roughly 1,000-
1,700 times faster.

€ Y Parametrization PINN, exact periodicity PINN, soft constraint
method
0.1 +1 3.6:1078 3.6:107° [5.2-107%-8.8:107°] | 9.6-107*[7.1-107*-1.0-1073]
0.1 -1 3.3-1078 7.3:107° [2.6:107°-1.9-107*] other solution (3 of 3)
1 +1 5.8:1078 6.5-107°[4.5-107°-1.5-107°] | 4.3-107* [1.5-107*-5.9-107%]
1 -1 2.3-1078 7.8:107° [4.5-107°-5.6-107*] | 5.8-107% [4.6-1073-8.9-107%]
10 +1 3.4:1077 other solution (3 of 3) 1.6:107*[1.0-107*-2.7-107]
10 -1 4.7-1077 8.7-107¢[7.7-107%-1.1-107°] | 2.3-107*[2.3-107*-3.0-107%]

Table 3 - Maximum error for Problem 1: Parametrization method (N = 4, h = 0.01) and PINNs (median
[minimum-maximum] over three initialisations)

The most important finding concerns reliability rather than accuracy. In two of the twelve PINN
configurations, all three training runs converged to a different periodic solution: the error with respect
to x* was 0.59 and 3.0, while the final loss (107° and 10~7) was as small as in the successful runs. A small
loss therefore does not show that the intended solution has been found. In Problem 2 the same effect
appeared in physical form. At w = 1.0, where the periodic solution is unique, all five PINN runs gave the
amplitude 0.73830, which coincides with the value 0.73828 of the parametrization method to within
3-1075. At w = 1.5, where three periodic solutions coexist, all five runs converged to the lower branch
(0.2474), and none found the upper stable branch (1.391), which is the response actually observed after
an upward frequency sweep, or the unstable branch. The parametrization method found all three
solutions and determined their stability.

Comparison with earlier studies. The failure of PINNs to select the intended solution complements
the known failure modes of PINNs, which have so far been attributed mainly to optimisation difficulties
and imbalanced gradients (Wang et al., 2021; Krishnapriyan et al, 2021): here the optimisation
succeeded, yet the network converged to another solution of the same problem. The computed
frequency response agrees with the classical analytical description of the hardening Duffing oscillator
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(Nayfeh, Mook, 1979; Kovacic, Brennan, 2011), and the gain from partitioning agrees with the theory of
the parametrization method, in which the convergence conditions improve as the partition is refined
(Dzhumabaev, Temesheva, 2007). In this sense the study confirms the theoretical role of the partition
computationally and transfers it to a new task — the verification of neural solvers.

These results support the hypothesis and suggest a division of roles. PINNs are attractive when a
mesh-free, differentiable approximation is needed or when the solver is embedded in a larger learning
system. Their output, however, must be verified, and the parametrization method provides the
necessary tools: an accurate reference solution, the residual of the matching conditions, Floquet
multipliers that classify stability and continuation that reveals coexisting solutions. A hybrid intelligent
system can use the parametrization method to verify a PINN solution or to supply it with a target branch.

Conclusion

The aim of the study was achieved by implementing the Dzhumabaev parametrization method
with Runge-Kutta integration, Newton’s method, continuation and Floquet analysis, and by comparing
it with physics-informed neural networks on two Duffing problems.

The main results are as follows. The parametrization method reached errors of 1078-1077 with
fourth-order convergence in the step and quadratic convergence of Newton’s method, at a cost of
hundredths of a second. Under strong softening nonlinearity, eight subintervals raised the share of
convergent initial approximations from 0-9% to 61-100%; this effect is explained by the Lipschitz
constant of the Jacobian, which is unbounded without partitioning and becomes finite for N = 4.
Combined with arclength continuation and Floquet multipliers, the method reproduced the full
frequency response of the damped Duffing oscillator with both folds and the unstable branch. PINNs
were two to five orders of magnitude less accurate and roughly a thousand times slower, and in some
regimes converged, with an equally small loss, to a periodic solution different from the intended one; in
the region of coexisting solutions they found only one of three.

The study shows that neural solvers of differential equations should be accompanied by classical
verification when solutions are not unique, and that the parametrization method is well suited for this
role. The results can be applied in teaching numerical methods and in the design of intelligent systems
that use neural solvers for nonlinear oscillators. Further work includes training PINNs on selected
branches using information from the parametrization method, adaptive choice of the partition from the
growth of the variational matrices, and extension to systems with several degrees of freedom.
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